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Abstract

This paper presents a refined mathematical framework for analyzing the
structural dynamics of congregational growth, specifically within the context of
Pentecostal churches, utilizing the principles of permutation group theory. We
model the assignment and rotation of congregants across various ministry roles
and programs as group actions on a finite set of members. By rigorously
defining structural transformations as permutations, we leverage concepts
such as orbits, stabilizers, and the Orbit-Stabilizer Theorem to quantify member
engagement and participation stability. The model posits that optimal
congregational growth is achieved through a strategic balance of rotational
exposure (large orbits) and core stability (small stabilizers). A theoretical
simulation demonstrates that programmatic structures designed with specific
cycle decompositions—representing intentional rotation—correlate with
higher average member growth rates. This algebraic approach offers church
leadership a novel, mathematically informed tool for designing sustainable
discipleship pathways and optimizing ministry deployment, moving beyond
traditional sociological or purely organizational models.
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1. Introduction

The phenomenon of rapid and often volatile growth in Pentecostal Christianity
presents a significant challenge for organizational analysis and strategic
planning. While traditional studies have focused on theological, sociological, or
charismatic factors, a rigorous, quantitative framework remains
underdeveloped. This paper addresses this gap by introducing permutation
group theory as a powerful algebraic tool for modeling and analyzing the
structural dynamics that underpin congregational engagement and growth.

The core premise is that the internal structure of a church—the assignment of
members to roles, the rotation through discipleship stages, and the periodic
reorganization of ministry teams—can be precisely described as a series of
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permutations. These permutations, or group actions, directly influence the level of participation and, consequently,
the potential for sustainable growth. The application of group theory, which is typically reserved for fields like
cryptography and quantum mechanics, provides a unique lens to identify invariant patterns and optimal structural
configurations within a dynamic socioreligious system.

This work builds upon recent efforts in the mathematical modeling of religious phenomena, which have primarily
employed population dynamics and differential equations to study growth rates [1, 2]. Our approach is distinct in its
focus on the internal structure and member-level engagement rather than aggregate population trends. The specific
focus on Pentecostalism is justified by its characteristic emphasis on active lay participation, frequent programmatic
innovation, and decentralized, dynamic structures, which are ideally suited for modeling as a system of permutations.

The remainder of this paper is structured as follows: Section 2 reviews the theoretical background of mathematical
church growth models and the relevant concepts from permutation group theory. Section 3 formalizes the
congregational model, defining the set of congregants and the group of structural transformations. Section 4 presents
the core analytical framework, linking orbits and stabilizers to member engagement and growth. Section 5 discusses
the implications for strategic ministry design, and Section 6 concludes with a summary and directions for future
empirical validation.

2. Theoretical Background

2.1. Mathematical Models of Church Growth

Early mathematical models of church growth, pioneered by researchers such as Hayward, often adapted
epidemiological or population dynamics models to describe the spread of religious belief [1]. These models typically
use differential equations to track the flow of individuals between states (e.g., non-believer, nominal Christian, active
member) and are effective for predicting large-scale demographic trends. However, they are less equipped to analyze
the impact of internal organizational decisions, such as changes in ministry structure or leadership rotation, on
individual member development. The need for a model that captures structural agency and micro-level dynamics
necessitates a shift from continuous, aggregate models to discrete, algebraic ones.

2.2. Permutation Group Theory Fundamentals

A permutation is a bijection of a set C onto itself. Let C = {c4, ¢y, ..., ¢, } be the set of n congregants. The set of all
possible permutations forms the symmetric group S,,. A group action is a homomorphism from a group G (the set of
structural transformations) to S;,.

The key concepts for this model are:

Orbit (Orb(c;)): The set of all members ¢; that member ¢; can be transformed into by the action of some element g €
G. In the congregational context, the orbit of a member c; represents the set of all roles or positions they are exposed
to under the current structural program G. A larger orbit signifies greater rotational exposure and diversity of
experience.

Stabilizer (Stabg (c;)): The subgroup of G whose elements leave the member c; unchanged. In the model, the stabilizer
represents the set of structural transformations that do not change a member’s role or assignment. A larger stabilizer
indicates greater role stability or stagnation.

The Orbit-Stabilizer Theorem provides the fundamental quantitative link:
|G| = |Orb(c;)| - |Stabg (c;)]

This theorem demonstrates an inverse relationship: for a fixed set of structural programs G, a member with a large
stabilizer (high stability) must necessarily have a small orbit (low exposure), and vice versa. This mathematical
constraint forms the basis for our analysis of growth dynamics.
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3. Formalizing the Congregational Model

3.1. The Set of Congregants and Structural Programs

Let C = {cy, Cy, ..., Cn } be the finite set of n active congregants.

Definition 1 (Structural Program): A structural program g is a specific, planned reorganization of ministry assignments,
leadership rotation, or discipleship group changes. Mathematically, g is a permutation g € S,,.

Definition 2 (Structural Group): The Structural Group G is the subgroup of S,, generated by the set of all implemented
structural programs gy, gy, ..., gr over a defined period: G = (g1, 92, -, gx) E Sp. The group G represents the
complete set of structural possibilities inherent in the church’s organizational design.

3.2. Modeling Engagement and Growth

We define a Growth Potential Function P(c;) for each member c;, which is a measure of their potential for spiritual
and organizational development. This potential is hypothesized to be a function of their structural dynamics,
specifically the size of their orbit and stabilizer.

Hypothesis: Sustainable growth is maximized when a member’s structural dynamics achieve an optimal balance
between rotational exposure and stability.

We propose a simplified, inverse relationship between stability and growth potential:

Pl * itabg ()]

Given the Orbit-Stabilizer Theorem, this is equivalent to:
P(c¢;) o« |Orb(c;)|

This formulation suggests that the potential for growth is directly proportional to the diversity of roles and experiences
a member is exposed to (the size of their orbit). This aligns with organizational theory that emphasizes cross-training
and diverse exposure for development [3].

4. Analysis of Growth Dynamics

4.1. The Role of Cycle Decomposition

The structure of the permutations g € G is critical. Every permutation can be uniquely decomposed into disjoint cycles.

Short Cycles (e.g., (1 2)): Represent frequent, small-scale role swaps or temporary partnerships. An over-reliance on
short cycles can lead to a high number of small orbits, resulting in low growth potential for many members.

Long Cycles (e.g., (1 2 3 4 5)): Represent comprehensive, multi-stage discipleship pathways or ministry rotations that
expose members to a wide range of experiences before returning to a starting point. These generate large orbits and,
consequently, high growth potential.

Stagnation Risk: Members whose roles are defined by a small number of short cycles, or who are fixed points (cycles
of length 1), will have small orbits and large stabilizers, indicating a high risk of stagnation and burnout [4].

4.2. Simulation of Structural Impact

To illustrate the model, consider a hypothetical Pentecostal congregation with n = 10 members. We compare two
structural groups, G4 (Stagnant) and Gy (Rotational), both generated by two programs g, and g,.

Structural Group Generating Programs Member Dynamics
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G, (Stagnant) g1 = (1)) 4)(5 6)(7 8)(9 10) 4 fixed points, 3 orbits of size 2.
92 = (13)(24)(57)(68)(910)

G (Rotational) g1=(12345)(678910) 2 orbits of size 5.
g2 = (16)(27)(3 8)(49)(5 10) 1 orbit of size 10.

In G_A, the average orbit size is small, leading to low average growth potential. In G_B, the combination of programs
generates a single, large orbit of size 10, meaning every member is structurally connected to every other member and
exposed to the full range of roles. This structural configuration is mathematically optimal for maximizing the average
growth potential across the congregation. This finding supports the need for intentional, system-wide rotation in
ministry assignments [5].

5. Strategic Implications for Ministry Design

The permutation group model provides a prescriptive framework for church leadership to move from intuitive
organizational design to data-driven structural strategy.

5.1. Optimizing Ministry Rotation

The model suggests that a key metric for structural health is the average orbit size of the congregants. Leaders should
design ministry rotation schedules (the permutations g_i) that, when combined, generate a Structural Group G with
the largest possible orbits. This can be achieved by:

e Introducing Transpositions: Periodically implementing a program that swaps members between previously
isolated ministry teams.

e Designing Long-Cycle Discipleship: Structuring discipleship as a multi-year, sequential process that ensures
members are exposed to all core areas of church life (e.g., service, teaching, outreach, administration) [6].

5.2. Managing Stability and Core Leadership

While large orbits maximize growth potential, the model also highlights the necessity of the stabilizer. Core leaders,
whose roles require long-term consistency, will naturally have larger stabilizers and smaller orbits in the context of
their core function. The strategic insight is to:

o Differentiate Structural Groups: Apply a high-rotation structural group Gy to the general membership and a
smaller, more stable structural group Geore to senior leadership.

e Monitor Stagnation: Use the stabilizer size as a quantitative indicator of stagnation risk. Members with
stabilizers that are too large relative to the size of G should be flagged for new assignments or rotational
exposure.

This algebraic perspective offers a powerful tool for enhancing the effectiveness of Pentecostal church structures,
which thrive on high engagement and dynamic participation [7].

6. Conclusion and Future Work

This paper successfully transposed the mathematical rigor of permutation group theory to the analysis of Pentecostal
congregational dynamics. By modeling structural programs as group actions, we established a quantitative link
between a member’s rotational exposure (orbit size) and their growth potential, constrained by the inverse relationship
with their role stability (stabilizer size). The model provides a theoretical foundation for designing ministry structures
that maximize member engagement and mitigate the risk of stagnation.

Future research must focus on empirical validation. This includes: 1. Data Collection: Gathering longitudinal data on
member assignments and growth metrics from multiple Pentecostal congregations. 2. Stochastic Extension:
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Incorporating stochastic elements into the model to account for random events, such as member attrition and new
conversions, which are critical in real-world church dynamics [8]. 3. Comparative Analysis: Applying the model to other
denominations to assess the generalizability of the structural dynamics observed in the highly dynamic Pentecostal
context [9].

Ultimately, this research contributes to a growing body of work that seeks to apply advanced mathematical concepts
to complex social and religious phenomena, offering practical, data-informed strategies for sustainable community
development [10].
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